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 This is an example of Neural network calculation. 

 The neural network structure used here is 3-layer structure.

 It consist of 2 input units, 3 hidden units and 2 output units.

2017/09/01 Copyrights 2017-2018 LSI Design Contest. All Rights Reserved. 2

Introduction



State condition
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• Students need to pass both Mathematics and Physics examination in order to pass 

[1,0] the spring semester

• Passing mark for each exam is 6 and total mark is 10

• Students who only manage to pass only one exam is considered as failed [0,1]

Passing 

range



Score sample
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Score sample ①

Score sample ④Score sample ③

Score sample ②



Rough Results
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• From above example, the result for four students are as below.

Students

i

Math.

Score K1
i

Physics

Score K2
i

Supervisor

[t1, t2]

Results  Output value

[a1
3, a2

3]

A 8 8 [1,0] Pass [0.76, 0.69]

B 8 5 [0,1] Fail [0.75, 0.68]

C 5 8 [0,1] Fail [0.75, 0.67]

D 5 5 [0,1] Fail [0.72, 0.66]

• z1
2 = 𝑤1 1

2 k1 + 𝑤2 1
2 k2 + 𝑏1

2

• 𝑠𝑞𝑢𝑎𝑟𝑒 𝑒𝑟𝑟𝑜𝑟: Ci =
1

2
{ a1

3[i] − t1
2 + a2

3[i] − t2
2}

• cost function: C = C1 + C2 +⋯+ Ci +⋯

• 𝛿1
3 = (𝑎1

3 − 𝑡1)𝑎
′ 𝑧1

3

• 𝛿1
2 = (𝛿1

3𝑤1 1
3 + 𝛿2

3𝑤2 1
3 +⋯)𝑎′ 𝑧1

2

•
𝜕𝐶

𝜕𝑤𝑖 𝑗
𝑚 = 𝛿𝑗

𝑚𝑎𝑗
𝑚−1,

•
𝜕𝐶

𝜕𝑏𝑗
𝑚 = 𝛿𝑗

𝑚



Equation of z and a

2017/09/01 Copyrights 2017-2018 LSI Design Contest. All Rights Reserved. 6

zi
2 = 𝑤1 𝑖

2 k1 + 𝑤2 𝑖
2 k2 + 𝑏𝑖

2

a𝑖
2 = a z𝑖

2 = 
1

1+𝑒−𝑧𝑖
2

a′ z𝑖
2
=

𝑒−𝑧𝑖
2

𝑒−𝑧𝑖
2
+ 1

2

zi
3 = 𝑤1 𝑖

3 a𝑖
2 + 𝑤2 𝑖

2 a𝑖
2 +𝑤3 𝑖

2 a𝑖
2 + 𝑏𝑖

3

a𝑖
3 = a z𝑖

3 = 
1

1+𝑒−𝑧𝑖
3

a′ z𝑖
3
=

𝑒−𝑧𝑖
3

𝑒−𝑧𝑖
3
+ 1

2

𝑘1

𝑘2

𝑤1 1
2

𝑏1
2

𝑧1
2

𝑧2
2

𝑧3
2
𝑎3
2

𝑎2
2

𝑎1
2

𝑤1 1
3

𝑤2 1
3

𝑤3 1
3

𝑤1 2
3

𝑤2 2
3

𝑤3 2
3

𝑧1
3

𝑧2
3

𝑏1
3

𝑏2
3

𝑎1
3

𝑎2
3

ans=0

ans=1𝑤1 2
2

𝑤2 2
2

𝑤1 3
2

𝑤2 3
2

𝑤2 1
2

𝑏2
2

𝑏3
2



Gradient descent

 C is all learning data’s error.

⇒You find weight and bias that make minimize C to 

differentiate C with respect to weight and bias.

⇒Gradient descent

∆𝑤1 1
2 … , ∆𝑤1 1

3 … , ∆b1
2… , ∆b1

3… = −η
𝜕𝐶

𝜕𝑤1 1
2 … ,

𝜕𝐶

𝜕𝑤1 1
3 … ,

𝜕𝐶

𝜕b1
2… ,

𝜕𝐶

𝜕b1
3…

If this numerical expression satisfy, C is the most smaller.

But it is too difficult to calculate this parameter.

If numbers of input units:10 , hidden units:10 , output units:3 , 

numbers of parameter is 10*10 + 10(bias) + 10*3 + 3(bias) =143. 

⟹want to calculate at all once, if it’s possible decrease difference…

⟹ Back propagation.
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Solve Gradient descent 

 Partial differential term can be generalized by below method.
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𝜕C

𝜕𝑤1 1
2 =

𝜕C

𝜕z1
2

𝜕z1
2

𝜕𝑤1 1
2 =

𝜕C

𝜕z1
2 k1

(∵ z1
2= 𝑤1 1

2 k1 +𝑤1 2
2 k2 + 𝑤1 3

2 𝑘3 +⋯+ 𝑏1
2)

define 
𝜕C

𝜕z1
2 = 𝛿1

2 →
𝜕C

𝜕𝑤1 1
2 = 𝛿1

2k1

while 
𝜕C

𝜕b1
2 =

𝜕C

𝜕z1
2

𝜕z1
2

𝜕b1
2 = δ1

2

∴
𝜕C

𝜕𝑤𝑖 𝑗
𝑚 = δj

m𝑎𝑗
𝑚−1,

𝜕C

𝜕𝑏𝑗
𝑚 = δj

m (m=2 or 3)

(𝑎𝑗
1 = 𝑘𝑗)

𝑘1

𝑘2

𝑤1 1
2

𝑏1
2

𝑧1
2

𝑧2
2

𝑧3
2
𝑎3
2

𝑎2
2

𝑎1
2

𝑤1 1
3

𝑤2 1
3

𝑤3 1
3

𝑤1 2
3

𝑤2 2
3

𝑤3 2
3

𝑧1
3

𝑧2
3

𝑏1
3

𝑏2
3

𝑎1
3

𝑎2
3

ans=0

ans=1𝑤1 2
2

𝑤2 2
2

𝑤1 3
2

𝑤2 3
2

𝑤2 1
2

𝑏2
2

𝑏3
2

C

𝜹𝟏
𝟐

𝜹𝟏
𝟑

𝝏𝑪

𝛛𝒃𝟏
𝟐

𝝏𝑪

𝛛𝒘𝟏 𝟏
𝟐



Back propagation

 Back propagation is optimization of calculation.

calculate all parameter to return output to input. 
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𝜹𝟏
𝟐 = (δ1

3𝑤1 1
3 + δ2

3𝑤2 1
3 +⋯)𝑎′ 𝑧1

2

δ1
3 = (a1

3 − 𝑡1)𝑎
′ z1

3

𝜕C

𝜕𝑤1 1
2 = 𝜹𝟏

𝟐𝑘1
𝜕C

𝜕𝑏1
2 = 𝜹𝟏

𝟐

Weight and bias is depend on output parameter.

𝑘1

𝑘2

𝑤1 1
2

𝑏1
2

𝑧1
2

𝑧2
2

𝑧3
2
𝑎3
2

𝑎2
2

𝑎1
2

𝑤1 1
3

𝑤2 1
3

𝑤3 1
3

𝑤1 2
3

𝑤2 2
3

𝑤3 2
3

𝑧1
3

𝑧2
3

𝑏1
3

𝑏2
3

𝑎1
3

𝑎2
3

ans=0

ans=1𝑤1 2
2

𝑤2 2
2

𝑤1 3
2

𝑤2 3
2

𝑤2 1
2

𝑏2
2

𝑏3
2

C

𝜹𝟏
𝟐

𝜹𝟏
𝟑

𝝏𝑪

𝛛𝒃𝟏
𝟐

𝝏𝑪

𝛛𝒘𝟏 𝟏
𝟐



Calculation of δ

 δ is errors. it is unit’s error. If you can express δ in 

known parameter, you don’t have to differential the 

calculation.
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It is easy to calculate output layer errors.

δ1
3 =

𝜕𝐶

𝜕z1
3 =

𝜕C

𝜕a1
3

𝜕a1
3

𝜕z1
3 =

𝜕C

𝜕a1
3 𝑎

′ z1
3

∴ δ1
3= (a1

3 − 𝑡1)𝑎
′ z1

3

∵ C is made of the difference between t and a3.

But hidden layer errors is more difficult to calculate

δ1
2 =

𝜕C

𝜕z1
2 =

𝜕C

𝜕z1
3

𝜕z1
3

𝜕a1
2

𝜕a1
2

𝜕z1
2 +

𝜕C

𝜕z2
3

𝜕z2
3

𝜕a1
2

𝜕a1
2

𝜕z1
2 +⋯

(
𝜕C

𝜕z1
3 = δ1

3,
𝜕C

𝜕z2
3 = δ2

3, …
𝜕z1

3

𝜕𝑎1
2 = 𝑤1 1

3 ,
𝜕z2

3

𝜕𝑎1
2 = 𝑤2 1

3 , ⋯)

δ1
2 = δ1

3𝑤1 1
3 𝑎′ 𝑧1

2 + δ2
3𝑤2 1

3 𝑎′ 𝑧1
2 +⋯

∴ δ1
2= (δ1

3𝑤1 1
3 + δ2

3𝑤2 1
3 +⋯)𝑎′ 𝑧1

2

𝑘1

𝑘2

𝑤1 1
2

𝑏1
2

𝑧1
2

𝑧2
2

𝑧3
2
𝑎3
2

𝑎2
2

𝑎1
2

𝑤1 1
3

𝑤2 1
3

𝑤3 1
3

𝑤1 2
3

𝑤2 2
3

𝑤3 2
3

𝑧1
3

𝑧2
3

𝑏1
3

𝑏2
3

𝑎1
3

𝑎2
3

ans=0

ans=1𝑤1 2
2

𝑤2 2
2

𝑤1 3
2

𝑤2 3
2

𝑤2 1
2

𝑏2
2

𝑏3
2

C

𝜹𝟏
𝟐

𝜹𝟏
𝟑

𝝏𝑪

𝛛𝒃𝟏
𝟐

𝝏𝑪

𝛛𝒘𝟏 𝟏
𝟐



Initial parameter 
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Mathema

tic score 

Physics 

score 

0.1

0.3

0.6

0.4

0.5

0.1

Bias=-1

Bias=-1

Bias=-1

𝑧1
2

𝑧2
2

𝑧3
2

𝑎3
2

𝑎2
2

𝑎1
2

0.7

0.2

1.3

0.2

0.5

1.1

𝑧1
3

𝑧2
3

Bias=-1

Bias=-1

𝑎1
3

𝑎2
3 ans

ans



Score : [8,8] (z2,a2,z3,a3)
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Mathema

tic score 

=8

Physics 

score =8 

0.1

0.3

0.6

0.4

0.5

0.1

Bias=-1

Bias=-1

Bias=-1

3

5.4

4.6 0.9900

0.9955

0.9526 0.7

0.2

1.3

0.2

0.5

1.1

1.1530

0.7773

Bias=-1

Bias=-1

0.7601

0.6851

∴ zi
2 = 𝑤1 𝑖

2 k1 + 𝑤2 𝑖
2 k2 + 𝑏𝑖

2

∴ a𝑖
2 = a z𝑖

2 = 
1

1+𝑒−𝑧𝑖
2

∴ zi
3 = 𝑤1 𝑖

3 a𝑖
2 + 𝑤2 𝑖

2 a𝑖
2 + 𝑤3 𝑖

2 a𝑖
2 + 𝑏𝑖

3

∴ a𝑖
3 = a z𝑖

3 = 
1

1+𝑒−𝑧𝑖
3



Score : [8,8] (𝛿1
2, 𝛿2

2, 𝛿3
2, 𝛿1

3, 𝛿2
3)
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𝐶1
= 0.2635

𝐶
= 0.2635

𝛿1
3= − 0.0438

𝛿1
2 = −4.811e-5

𝛿2
3=0.1478

𝛿3
2 = 0.0010

𝛿2
2 = 2.9161e − 5

0.2

0.7

1.3

1.1

Mathe

matic 

score 

=8

Physics 

score 

=8 

0.1

0.3

0.6

0.4

0.5

0.1

Bias=-1

Bias=-1

Bias=-1

3

5.4

4.6 0.9900

0.9955

0.9526

1.1530

0.7773

Bias=-1

Bias=-1

0.7601

0.6851 ans

ans

0.5

0.2

∴ 𝛿1
3= (𝑎1

3 − 𝑡1)𝑎
′ 𝑧1

3

∴ 𝛿1
2= (𝛿1

3𝑤1 1
3 + 𝛿2

3𝑤2 1
3 )𝑎′ 𝑧1

2

∴ 𝛿𝑤𝑖 𝑗
3 =𝑎𝑖

2* 𝛿𝑖
3

∴ 𝛿𝑤𝑖 𝑗
2 =𝑘𝑖* 𝛿𝑖

3

∴ δ𝑏𝑖 𝑗
3 = 𝛿𝑖

3

∴ δ𝑏𝑖 𝑗
2 = 𝛿𝑖

2



Score : [8,5] (z2,a2,z3,a3)
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Mathema

tic score 

=8

Physics 

score =5 

0.1

0.3

0.6

0.4

0.5

0.1

Bias=-1

Bias=-1

Bias=-1

1.8

3.9

4.3 0.9866

0.9802

0.8581 0.7

0.2

1.3

0.2

0.5

1.1

1.0793

0.7470

Bias=-1

Bias=-1

0.7464

0.6785

∴ zi
2 = 𝑤1 𝑖

2 k1 + 𝑤2 𝑖
2 k2 + 𝑏𝑖

2

∴ a𝑖
2 = a z𝑖

2 = 
1

1+𝑒−𝑧𝑖
2

∴ zi
3 = 𝑤1 𝑖

3 a𝑖
2 + 𝑤2 𝑖

2 a𝑖
2 + 𝑤3 𝑖

2 a𝑖
2 + 𝑏𝑖

3

∴ a𝑖
3 = a z𝑖

3 = 
1

1+𝑒−𝑧𝑖
3



Score : [8,5] (𝛿1
2, 𝛿2

2, 𝛿3
2, 𝛿1

3, 𝛿2
3)
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𝐶1
= 0.2635

𝐶2
= 0.3302

𝐶
= 0.5937

𝛿1
3= 0.1413

𝛿1
2 = 0.0103

𝛿2
3 = −0.0701

𝛿3
2 = 0.0014

𝛿2
2 = −1.3233e − 4

0.2

0.7

1.3

1.1

Mathe

matic 

score 

=8

Physics 

score 

=5 

0.1

0.3

0.6

0.4

0.5

0.1

Bias=-1

Bias=-1

Bias=-1

1.8

3.9

4.3 0.9866

0.9802

0.8581

1.0793

0.7470

Bias=-1

Bias=-1

0.7464

0.6785 ans

ans

0.5

0.2

∴ 𝛿1
3= (𝑎1

3 − 𝑡1)𝑎
′ 𝑧1

3

∴ 𝛿1
2= (𝛿1

3𝑤1 1
3 + 𝛿2

3𝑤2 1
3 )𝑎′ 𝑧1

2

∴ 𝛿𝑤𝑖 𝑗
3 =𝛿𝑤𝑖−1 𝑗

3 + 𝑎𝑖
2* 𝛿𝑖

3

∴ 𝛿𝑤𝑖 𝑗
2 =𝛿𝑤𝑖−1 𝑗

2 + 𝑘𝑖* 𝛿𝑖
3

∴ δ𝑏𝑖 𝑗
3 = 𝑏𝑖−1 𝑗

3 + 𝛿𝑖
3

∴ δ𝑏𝑖 𝑗
2 = 𝑏𝑖−1 𝑗

2 + 𝛿𝑖
2



Score : [5,8] (z2,a2,z3,a3)
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Mathema

tic score 

=5

Physics 

score =8 

0.1

0.3

0.6

0.4

0.5

0.1

Bias=-1

Bias=-1

Bias=-1

2.7

4.5

2.8 0.9427

0.9890

0.9370 0.7

0.2

1.3

0.2

0.5

1.1

1.0792

0.7189

Bias=-1

Bias=-1

0.7463

0.6724

∴ zi
2 = 𝑤1 𝑖

2 k1 + 𝑤2 𝑖
2 k2 + 𝑏𝑖

2

∴ a𝑖
2 = a z𝑖

2 = 
1

1+𝑒−𝑧𝑖
2

∴ zi
3 = 𝑤1 𝑖

3 a𝑖
2 + 𝑤2 𝑖

2 a𝑖
2 + 𝑤3 𝑖

2 a𝑖
2 + 𝑏𝑖

3

∴ a𝑖
3 = a z𝑖

3 = 
1

1+𝑒−𝑧𝑖
3



Score : [5,8] (𝛿1
2, 𝛿2

2, 𝛿3
2, 𝛿1

3, 𝛿2
3)
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𝐶1
= 0.2635

𝐶2
= 0.3302

𝐶3
= 0.3322

𝐶
= 0.9259

𝛿1
3= 0.1413

𝛿1
2 = 0.0050

𝛿2
3 = −0.0722

𝛿3
2 = 0.0056

𝛿2
2 = −8.5086e −5

0.2

0.7

1.3

1.1

Mathe

matic 

score 

=5

Physics 

score 

=8 

0.1

0.3

0.6

0.4

0.5

0.1

Bias=-1

Bias=-1

Bias=-1

2.7

4.5

2.8 0.9427

0.9890

0.9370

1.0792

0.7189

Bias=-1

Bias=-1

0.7463

0.6724 ans

ans

0.5

0.2

∴ 𝛿1
3= (𝑎1

3 − 𝑡1)𝑎
′ 𝑧1

3

∴ 𝛿1
2= (𝛿1

3𝑤1 1
3 + 𝛿2

3𝑤2 1
3 )𝑎′ 𝑧1

2

∴ 𝛿𝑤𝑖 𝑗
3 =𝛿𝑤𝑖−1 𝑗

3 + 𝑎𝑖
2* 𝛿𝑖

3

∴ 𝛿𝑤𝑖 𝑗
2 =𝛿𝑤𝑖−1 𝑗

2 + 𝑘𝑖* 𝛿𝑖
3

∴ δ𝑏𝑖 𝑗
3 = 𝑏𝑖−1 𝑗

3 + 𝛿𝑖
3

∴ δ𝑏𝑖 𝑗
2 = 𝑏𝑖−1 𝑗

2 + 𝛿𝑖
2



Score : [5,5] (z2,a2,z3,a3)
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Mathema

tic score 

=5

Physics 

score =5 

0.1

0.3

0.6

0.4

0.5

0.1

Bias=-1

Bias=-1

Bias=-1

1.9

3

2.5 0.9241

0.9526

0.8176 0.7

0.2

1.3

0.2

0.5

1.1

0.9642

0.6564

Bias=-1

Bias=-1

0.7240

0.6584

∴ zi
2 = 𝑤1 𝑖

2 k1 + 𝑤2 𝑖
2 k2 + 𝑏𝑖

2

∴ a𝑖
2 = a z𝑖

2 = 
1

1+𝑒−𝑧𝑖
2

∴ zi
3 = 𝑤1 𝑖

3 a𝑖
2 + 𝑤2 𝑖

2 a𝑖
2 + 𝑤3 𝑖

2 a𝑖
2 + 𝑏𝑖

3

∴ a𝑖
3 = a z𝑖

3 = 
1

1+𝑒−𝑧𝑖
3



Score : [5,5] (𝛿1
2, 𝛿2

2, 𝛿3
2, 𝛿1

3, 𝛿2
3)
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𝐶1
= 0.2635

𝐶2
= 0.3302

𝐶3
= 0.3322

𝐶4
= 0.3204

𝐶
= 1.2463

𝛿1
3= 0.1447

𝛿1
2 = 0.0128

𝛿2
3 = −0.0768

𝛿3
2 = 0.0073

𝛿2
2 = −4.2792e −4

0.2

0.7

1.3

1.1

Mathe

matic 

score 

=5

Physics 

score 

=5 

0.1

0.3

0.6

0.4

0.5

0.1

Bias=-1

Bias=-1

Bias=-1

1.5

3

2.5 0.9241

0.9526

0.8176

0.9642

0.6564

Bias=-1

Bias=-1

0.7240

0.6584 ans

ans

0.5

0.2

∴ 𝛿1
3= (𝑎1

3 − 𝑡1)𝑎
′ 𝑧1

3

∴ 𝛿1
2= (𝛿1

3𝑤1 1
3 + 𝛿2

3𝑤2 1
3 )𝑎′ 𝑧1

2

∴ 𝛿𝑤𝑖 𝑗
3 =𝛿𝑤𝑖−1 𝑗

3 + 𝑎𝑖
2* 𝛿𝑖

3

∴ 𝛿𝑤𝑖 𝑗
2 =𝛿𝑤𝑖−1 𝑗

2 + 𝑘𝑖* 𝛿𝑖
3

∴ δ𝑏𝑖 𝑗
3 = 𝑏𝑖−1 𝑗

3 + 𝛿𝑖
3

∴ δ𝑏𝑖 𝑗
2 = 𝑏𝑖−1 𝑗

2 + 𝛿𝑖
2



Calculation of Cost Func.
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Supervisor 

[t1, t2]

Output value

[a3
1, a3

2]

Square Error

Ci

Cost func.

C

[1,0] [0.76, 0.69] 0.26

1.246
[0,1] [0.75, 0.68] 0.33

[0,1] [0.75, 0.67] 0.33

[0,1] [0.72, 0.66] 0.32

From the above result, we can see that the 

output value is far from the state value that 

we are finding. So, to obtain a suitable 

output value, we use Back Propagation



New parameter(after 1st renewal)
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Mathem

atic 

score 

Physics 

score 

0.0829

0.3001

0.5916

0.3845

0.5001

0.0903

Bias=-1.0028

Bias=-1

Bias=-1.0015

𝑧1
2

𝑧2
2

𝑧3
2

𝑎3
2

𝑎2
2

𝑎1
2

0.6670

0.1628

1.2637

0.2050

0.5066

1.1062

𝑧1
3

𝑧2
3

Bias=-1.0384

Bias=-0.9929

𝑎1
3

𝑎2
3

• 𝑛𝑒𝑤 𝑤𝑖 𝑗
3 = 𝑜𝑙𝑑 𝑤𝑖 𝑗

3 − η ∗ δ𝑤𝑖 𝑗
3

• (𝑛𝑒𝑤)𝑤𝑖 𝑗
2 = (𝑜𝑙𝑑)𝑤𝑖 𝑗

2 −η ∗ δ𝑤𝑖 𝑗
2

• (𝑛𝑒𝑤)𝑏𝑖 𝑗
3 = (𝑜𝑙𝑑)𝑏𝑖 𝑗

3 −η ∗ δ𝑏𝑖 𝑗
3

• (𝑛𝑒𝑤)𝑏𝑖 𝑗
2 = (𝑜𝑙𝑑)𝑏𝑖 𝑗

2 −η ∗ δ𝑏𝑖 𝑗
2

∴ η= 0.1



New parameter(after 10000th renewal)
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Mathem

atic 

score 

Physics 

score 

1.3790

0.7797

1.0509

1.3790

0.9780

0.6478

Bias=-19.8802

Bias=-0.9089

Bias=-0.8988

𝑧1
2

𝑧2
2

𝑧3
2

𝑎3
2

𝑎2
2

𝑎1
2

7.1172

-1.3166

0.0831

-7.1085

1.6398

1.9725

𝑧1
3

𝑧2
3

Bias=-2.5904

Bias=0.2074

𝑎1
3

𝑎2
3

• 𝑛𝑒𝑤 𝑤𝑖 𝑗
3 = 𝑜𝑙𝑑 𝑤𝑖 𝑗

3 − η ∗ δ𝑤𝑖 𝑗
3

• (𝑛𝑒𝑤)𝑤𝑖 𝑗
2 = (𝑜𝑙𝑑)𝑤𝑖 𝑗

2 −η ∗ δ𝑤𝑖 𝑗
2

• (𝑛𝑒𝑤)𝑏𝑖 𝑗
3 = (𝑜𝑙𝑑)𝑏𝑖 𝑗

3 −η ∗ δ𝑏𝑖 𝑗
3

• (𝑛𝑒𝑤)𝑏𝑖 𝑗
2 = (𝑜𝑙𝑑)𝑏𝑖 𝑗

2 −η ∗ δ𝑏𝑖 𝑗
2

∴ η= 0.1



 After some calculation, we can see that the value of weight and bias is 

changing simultaneously with the input value. This calculation is repeated 

until the different value between output and supervisor value become smaller.
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Conclusion


